In the paper a solution of the inverse heat conduction problem with the Neumann boundary condition is presented. For finding this solution the homotopy perturbation method is applied. Investigated problem consists in calculation of the temperature distribution in considered domain, as well as in reconstruction of the functions describing the temperature and the heat flux on the boundary, in case when the temperature measurements in some points of the domain are known. An example confirming usefulness of the homotopy perturbation method for solving problems of this kind are also included.
Introduction
In many situations, both the physical and the technical ones, it is necessary to solve the so-called inverse problems. A common feature of such problems is that some information necessary for the full mathematical description of a considered model are either uncertain or missing. In the heat conduction problems the boundary conditions, some parameters or the geometry of body are the missing information.
The inverse problem solution is intended to retrieve the missing information and to determine the full description of the phenomenon under consideration (for example the temperature field). There are many of works in which the solution of inverse problem of the heat transfer was considered, for example [1] [2] [3] [4] [5] . Various, mainly numerical methods, were used there. In this type of problems, the heuristic approach, such as evolutionary algorithms, immunological algorithms or methods based on the swarm behavior were also successfully used and turned out to be effective [6] [7] [8] [9] [10] [11] . In some cases a combined method was also applied. Such an approach can be found in works [12, 13] in which the sensitivity analysis was used. The sensitivity coefficients were found on analytical way while the direct problem was solved numerically.
Solving the inverse problems using analytical methods is not very popular, usually mainly because of the high complexity of the problem under consideration. There is only few works presenting such an approach [14] [15] [16] [17] . The homotopy perturbation method presented in the paper is an example of the analytical method used for solving the inverse heat conduction problem.
Homotopy perturbation method was developed in the nineties of the last century by the Chinese mathematician He [18] [19] [20] . It is used, among others, to solve various problems con-nected with the heat transfer processes [21] [22] [23] . In papers [24, 25] this method was utilized for the inverse Stefan problem solution, whereas in work [26] this method was used for reconstruction of the missing boundary condition in the inverse heat conduction problem. For the inverse problem solutions, the homotopy perturbation method was also employed in works [27, 28] . Application of the discussed method for determining the temperature distribution in the cast-mould heterogeneous domain is presented in paper [29] . Shakeri and Dehghan [30] used this method to solution of the delay differential equation. Biazar and Ghazvini [31] , in turn, applied the homotopy perturbation method for solving the hyperbolic partial differential equation. Application of the method for solving different kinds of differential equations can also be found in works [32] [33] [34] . Convergence of considered method in the case of differential equations is investigated in papers [35] [36] [37] . Homotopy perturbation method can also be applied for solving different kinds od integral equations [38] [39] [40] [41] [42] [43] .
In this paper the homotopy perturbation method is applied for solving the inverse heat conduction problem with the Neumann boundary condition. The problem consists in the calculation of temperature distribution in the domain, as well as in the reconstruction of functions describing the temperature and the heat flux on the boundary, in case when the temperature measurement in some points of the domain are known.
Problem formulation
where a is the thermal diffusivity, u -the temperature, and t and x refer to time and spatial location, respectively. There are also given the initial condition:
and the Neumann boundary condition:
In the discussed inverse problem the temperature distribution u in the region D is determined as well as temperature q and heat flux q on boundary for x = b, which define the Dirichlet and the Neumann boundary conditions:
The incomplete mathematical description is supplemented by temperature values at some fixed point x = x p , where x p Î(0, b):
Homotopy perturbation method
In the first step of method, the so-called homotopy operator is defined (for more details see for example [20, [24] [25] [26] 35] ), which for the considered heat transfer equation takes the form
where 
Thus, changing the parameter p between 0 and 1 means changing the equation between trivial and given one (i. e. the solution v from u 0 to u).
Next, the solution of equation H(v, p) = 0 is searched in the form of power series:
If the above series has the radius of convergence not smaller than one, then by substituting p =1 the solution of considered equation is obtained:
Convergence of the considered series in case of the differential equations was studied in works [35] [36] [37] , while in the integral equations case the convergence was considered in works [41] [42] [43] .
In many cases this series is rapidly convergent, therefore the sum reduced to a few initial components provides a very good approximation of the desired solution. If we limit the sum to the first n + 1components, we obtain the so-called n-order approximate solution:
In order to find the function v j , relation (8) 
Comparison of the expressions with the same powers of parameter p gives the following equations:
and ¶ ¶ ¶ ¶ 
Partial differential eqs. (13) and (14) must be supplemented by conditions ensuring a uniqness of the solution. For eq. (13) we assume the conditions: 
In this way, the solution of given problem was brought to the sequence of easy to solve partial differential equations. Looking for the solution of formulated problem, we need to define yet an initial approximation u 0 , which can be assumed as the function determining the initial condition:
Knowing the exact temperature distribution u(x, t) or its approximation $ u n (x, t), which is defined by differentiable functions, the missing boundary conditions could be determined:
Example
Application of the method will be illustrated by the example in which we assume: b = = 2, x p = 0.75, a = 1/10, k = 2, t * = 2 and j(x) = e 1-x , h(t) = 2e t/10+1 , and y p (t) = e t/10 + 1/4 .
Exact solution of the problem formulated is defined by functions u(x, t) = e 1-x+t/10 , q(t) = e t/10-1 , and q(t) = 2e t/10-1 . As the initial approximation u 0 we assume the function satisfying the initial condition u 0 (x, t) = e 1-x .
Solving now eq. (13) In tab. 1 the errors of retrieved function describing the temperature distribution in the considered area are presented. tains the errors of reconstructed missing boundary conditions, i. e. functions q and q, for various numbers of components n. Results placed in the paper show that the errors decrease rapidly with the increase of components number in sum (8) . The graph of errors of boundary condition reconstruction are shown also in figs. 1 and 2. They present the approximations of order 7 and 12 of 
Conclusions
In this work the application of the homotopy perturbation method for solving the inverse heat conduction problem with Neumann boundary condition has been presented. Problem consists in the calculation of temperature distribution in the domain, as well as in the reconstruction of functions describing the temperature and the heat flux on the boundary, in case when the temperature measurement in some points of the domain are known. Investigated method was tested on some examples (one of them is presented in the work) and results show that the accuracy of obtained solutions is very good. The reduction in the volume calculations and its rapid convergence show that the method is a powerful and straightforward tool in solving the considered problem.
